
Application of the NRL tight-binding method

to the heavy elements Pb and Po

M. Lach-haba,*, B. Akdimb, D.A. Papaconstantopoulosa, M.J. Mehla, N. Bernsteina

aCenter for Computational Materials Science, Naval Research Laboratory, Washington, DC 20375, USA
bAir Force Research Laboratory, Materials and Manufacturing Directorate, WPAFB, OH 45433-7702, USA

Received 18 February 2004; revised 23 May 2004; accepted 8 June 2004

Abstract

We have applied the NRL tight-binding (TB) method to study the mechanical and electronic properties of the heavy elements Pb and Po.

The predicted properties include ground-state structure, electronic band structure and elastic moduli. Phonon-dispersion curves at TZ0 K

were also determined. As demonstrated in this paper, the results are in good agreement with the full potential linearized augmented plane

wave calculations and the available experimental data. In addition, we performed molecular-dynamics simulations to obtain various

temperature-dependent quantities of Pb such as the atomic mean-square displacement, Debye-Waller factor and thermal expansion

coefficient. With our TB we have also calculated the vacancy formation energy of Pb. Finally, we report on the effects of spin–orbit coupling,

through our TB scheme, on electronic structure and energetic properties.

q 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The tight-binding (TB) method plays a crucial role in

materials modeling, since it lies between more expensive

but very accurate ab initio methods and the empirical

methods that describe the dynamics of atoms in a given

system, omitting all the details of the electronic structure.

The original work by Slater and Koster (SK) [1] on the TB

method, designed to interpolate the electronic structure [2]

results from first-principles methods, was driven by the lack

of fast computers. Therefore, one may perceive that the

availability of high performance computing and parallel

algorithms would favor the use of first-principles schemes

over the TB. However, the use of TB methods has grown

even greater nowadays, since the concept of the original

scheme has been taken one step further, that is, formulation

of the total energy within the TB approach [3]. This

extension has allowed us to treat large systems (order of

1000 atoms) more efficiently than methods such as
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the linearized augmented plane wave (LAPW) [4,5]. The

NRL-TB method [6,7] has been applied successfully to a

large number of elemental solids, which include all the

transition metals [7], sp metals [8], semiconductors [9],

semi-metals [10], and more recently the binary alloys FeAl,

CuAu and SiC [11–13]. Many papers on this method have

been published, covering a variety of predicted properties,

such as mechanical, electronic, and phononic; as a result, a

large database [14] of SK parameters has been developed.

As part of extending this database, the present work

illustrates the results obtained for lead (Pb) and polonium

(Po) using LAPW and the NRL-TB methods. In this work

we will not describe the NRL-TB methodology, since many

papers have been published on this approach. The reader is

referred to the references given in these papers [15–17]. Pb

and Po are heavy metals known experimentally to have as

their ground structures the face-centered cubic (FCC) and

simple cubic (SC), respectively. They are also known to

have large spin–orbit coupling. Note that Po is the only

element in the periodic table known to crystallize in the SC

structure. Furthermore, theoretical studies of the bulk

properties for Po single crystal are still scarce.
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The objective of this study is to provide the bulk

properties of the aforementioned materials, predicted

through the NRL-TB scheme. In addition we make the

resulting SK parameters available for use in conjunction

with molecular dynamics simulations [18,19]. Through this

method we demonstrate that our TB model can successfully

be applied to the study of the dynamical and finite

temperature properties of Pb. We tested our TB parameters

by calculating the mean-square displacement, Debye-

Waller factor and thermal expansion coefficient. Also we

have investigated the spin–orbit coupling effects on the

energetics and band structure following our procedure

discussed in Ref. [23]. In the following, Section 2 gives the

approach taken to construct the fitting database from

the FP-LAPW method and the detailed TB calculations.

Section 3 illustrates the results of our calculations

accompanied with discussion. Finally, a summary of the

present work is given in Section 4.
Fig. 1. Total energy vs volume for a number of crystal structures as well as

the HCP and diamond structures for Pb (not included in the fit). The

symbols represent the LAPW calculations, while the curves represent the

TB results.
2. The method

In order to perform the TB fit, a first-principles database

of eigenvalues and their corresponding total energies was

constructed, consisting of LAPW calculations for Pb and Po

in the FCC, body-centered cubic (BCC) and SC structures

using 89, 55 and 35 uniformly distributed k-points in the

irreducible Brillouin zone (BZ), respectively. In order to

better obtain sufficient accuracy of the elastic constants and

phonon frequencies of Pb we also included in the fitting

database the values of C11–C12, C44 and phonon frequencies

at the high symmetry point X. In the LAPW calculations the

muffin-tin sphere radii for both Pb and for Po were taken to

be 2.5 a.u. and a plane wave cut off RKmaxZ9.5 for the size

of the secular equation was used. These calculations were

carried out in a semi-relativistic approximation, so they do

not include the spin–orbit coupling [24]. The Hedin–

Lundqvist [25] prescription was followed in calculating

the exchange and correlation energy. To assure convergence

of the total energy, the 5d core states were included in the

LAPW calculations as part of the valence bands (semi-core

states). The database of energies prepared as described

above was then used to perform the TB fit for Pb and Po,

where a non-orthogonal Hamiltonian matrix of size 4!4

(one s and three p orbitals) was used. The d states were

omitted in the TB calculations, since they occur far below

the s states and are very narrow. Hence, the TB parameters

of the NRL-TB scheme were reduced from 97 to 41. These

parameters were determined by a non-linear squares fit to

the LAPW results for an extended range of volumes in the

FCC, BCC and SC structures with an rms error in the fit of

34 and 2 mRy, averaging over all lattice constants, for the

bands and total energies, respectively.

This determination of the TB parameters did not take into

account the spin–orbit coupling effect. To address this issue

we included the spin–orbit coupling in the NRL-TB
a posteriori. This was done by doubling the size of the

Hamiltonian matrix and introducing the values of the

parameters lPbZ0.03119 Ry and lPoZ0.05129 Ry to

describe the spin–orbit interaction for Pb and Po, respect-

ively. More details of this technique can be found in Ref. [23].

The above values of the spin–orbit parameter were taken

from Herman’s atomic structure calculations [26].
3. Results and discussion
3.1. Lead (Pb)

As mentioned in Section 2, the TB fit included the FCC,

BCC, and SC energies as well as the energies corresponding

to C11–C12, C44 and the phonons at X. As shown in Fig. 1,

we see that there is excellent agreement between the TB and

first-principles curves for the FCC structure, and that all

other structures, including hexagonal close-packed (HCP)

and diamond, are above the FCC ground state. This comes

as no surprise since we have fitted the FCC structure and

obtained a very low rms error for the total energies. We have

not performed any first-principles calculations for the output

structures (HCP, diamond) but our findings show the HCP

between FCC and BCC structures, as expected, and the

diamond at much higher energy. While the SC structure

does not fit well, it is still at a higher energy value, which

should not cause any concern about the transferability of

these parameters for molecular dynamics simulations. The

predictions of the unfitted structures (HCP, diamond)

demonstrate the transferability of our SK parameters from

one structure to another. The symbols in this figure represent

the first-principles calculations and the lines are the TB

results without spin–orbit. When the spin–orbit interaction

is included, a uniform downshift of the total energies for

FCC, BCC and SC structures is observed, keeping the same

structural order. This suggests that the spin–orbit coupling

has a small effect on the structural properties for Pb.



Table 1

Lattice constant (in a.u.) and elastic moduli of Pb (GPa)

TB TB (SO) LAPW Expt

a0 9.22 9.26 9.22 9.35

B0 50 43 54 45

C11 63 54 63 50

C12 44 37 50 42

C44 23 21 22 15

Comparison is made between NRL-TB (with and without spin–orbit

coupling), FP-LAPW, and to experimental data. SO, designates the

calculations that include spin–orbit coupling.
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Table 1 shows the equilibrium lattice constant, the elastic

constants and the bulk modulus B0 of Pb in the FCC

structure, compared to first-principles LAPW calculations

and to experiment. The elastic constants calculated by the

NRL-TB as well as LAPW, although they satisfy the

stability criteria [22] C11–C12O0 and C44O0, are not in

good quantitative agreement with experiment. All the

calculations were performed at the equilibrium lattice

constant. It should be noted from Table 1 that the inclusion

of spin–orbit (as described in Ref. [23]) in the TB results

gives a better agreement with experiment than the first-

principles results in the determination of elastic constants.

In addition, we calculated the TB band structure at the

experimental lattice constant aZ9.35 Bohr. Fig. 2 displays

the band structures, with (solid lines) and without spin–orbit

(dashed lines) coupling, respectively. The effect of the spin–

orbit interaction is notable in this case in the p-like bands

above the Fermi energy (EF), where the triply degenerate

G15 state splits into G6 and G8, which are one- and two-fold

degenerate, respectively. The only splitting that involves the

valence band happens at W3, which splits into W6 and W7. At

X and L the spin–orbit interaction lifts the degeneracy only

at states above the Fermi level. The states G1, X1, W1, and

L1, which are s-like states, are not expected to be affected by
Fig. 2. Band structure of Pb at the experimental lattice constant 9.35 Bohr.

The band structure is along high-symmetry directions in the Brillouin zone

for FCC structure. The energies of the eigenstates have been uniformly

shifted to set the Fermi level to zero. The solid lines show the calculations

from the TB model with spin–orbit coupling included, and the dashed lines

are the result from TB without spin–orbit.
the spin–orbit interaction. The band splitting is in good

agreement with an early work of Loucks [27], which used

the relativistic augmented plane wave method, and of

Anderson and Gold [28], through an orthogonalized plane

wave approach, where the pseudo-potential was fit to the

experimental data. Such agreement suggests that the NRL-

TB scheme is suitable for handling the effects of spin–orbit

coupling, and could be extended to treat more complex

materials, such as those with f state orbitals. In Fig. 3, we

have plotted the total and decomposed DOS of Pb using

NRL-TB method when spin–orbit is included (solid lines)

and ignored (dashed lines). The inclusion of the spin–orbit

interaction has a small effect on the p component of the total

DOS. We note that no information regarding the angular

momentum character was included during the performance

of the fit, indicating the capability of this method to provide

reliable eigenvectors. As is shown in Fig. 3, the broad peak,

spanning energies between K1.0 and K0.6 Ry, is almost

entirely due to s-like states, separated with a gap from the

second peak that represents p-like states. These results

suggest that no hybridization occurs between s and p states

for this material.

We also computed the phonon spectrum along the high-

symmetry directions of the BZ of the FCC lattice using the

frozen phonon method [29,30]. In this method we create a

supercell, where atoms are displaced from their equilibrium

positions according to a specified polarization direction and

the phase of this wave at the atomic position. The normal

mode polarizations and frequencies are determined from the

curvature of the energy as a function of the wave amplitude

and a diagonalization of the dynamical matrix at each point

in the BZ. In Table 2 we compare the phonon frequencies at

high symmetry points from our TB model and experiment

[20]. Although only the phonon frequencies at the point X

were included in the fitting database, all other frequencies

are also reproduced with fairly good accuracy. The phonon-

dispersion curves along high-symmetry directions for Pb at
Fig. 3. Total and partial densities of states for FCC Pb at experimental

lattice constant 9.35 Bohr. The solid and dashed lines depict the TB with

spin–orbit and TB without results, respectively.



Table 2

Selected phonon frequencies (in cmK1) computed with TB at high

symmetry points in the Brillouin zone

X3 X5 L2 i3 W2 W5

TB 60 40 67 37 52 50

Exp 62 30 73 30 57 46

The TB values are compared with experimental data [20].

Fig. 5. Debye-Waller factor of Pb during MD simulations as a function of

temperature. Solid circles are the molecular-dynamics simulations using

TB model which are compared to experimental values [31] (open circle).
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TZ0 K are shown in Fig. 4, together with experimental data

[20]. The overall structure of the dispersion curves is well

reproduced. The low-frequency transverse modes are over-

estimated compared to experiment while the longitudinal

higher-frequency modes are mostly underestimated. We

note that first-principles calculations of the phonon spectra

have similar discrepancies with experiment [21].

In addition we used these parameters to perform

molecular-dynamics (MD) simulations at various tempera-

tures [18,19] on an FCC supercell containing 343 atoms, to

obtain the temperature dependence of the atomic mean-

square displacement, Debye-Waller factor and thermal

expansion coefficient. The equations of motion were

integrated using a time step of 2 fs for 2000 steps for the

following temperatures: 150, 300, 450, 600 and 900 K.

Then, by computing the mean-squared deviation of the

atomic position averaging over all atoms and time steps,

we derive the Debye-Waller factor for each temperature.

Fig. 5 shows the Debye-Waller factor as a function of

temperature compared to available experimental values

[31]. As shown in the figure, the slope from TB is smaller

than experiment but overall the results are reasonable,

although not perfect.

To determine the thermal expansion coefficient a we

calculate pressure as a function of temperature for a fixed

volume using the trajectories from the previous simulations.

For each temperature we selected all configurations from the

trajectories generated by the MD and computed the

pressure. From Fig. 6 we can see that the pressure as a

function of temperature is perfectly linear. So by using
Fig. 4. Phonon frequencies for Pb (fcc) computed using the NRL-TB

method (solid symbols) compared to experimental data [20] (open

symbols).
the definition for thermal expansion coefficient:

a Z
1

3B

vP

vT

� �
V

where B is the bulk modulus taken at the experimental

lattice constant, we get aZ2.6!10K5 KK1. This value is

found to be in agreement with the experimental [32] value

of 2.9!10K5 KK1 and other theoretical values [33].

For the calculation of the vacancy formation energy EF
V

we have used the expression:

EF
V Z EVðN K1ÞK ðN K1Þ

E0ðNÞ

N

where EV(NK1) and E0(N) are the total energy of the

supercell with and without the vacancy present as a function

of the number of atoms N. We have computed the vacancy

formation energy using the supercell total energy method

[34] with a supercell of NZ125 atoms. The conjugate

gradient scheme was used to relax the atoms. At first we did

not allow the atoms close to the vacancy to relax, and the

value obtained for the unrelaxed formation energy was

found to be 0.736 eV. When we allowed the atoms to relax
Fig. 6. Pressure as a function of temperature during TBMD simulations.

The filled circles are the results of molecular-dynamics simulations using

TB model; the line is the fit.



Fig. 8. Band structure of Po at the experimental lattice constant 6.31 Bohr.

The band structure is along high-symmetry directions in the Brillouin zone

for SC structure. The energies of the eigenstates have been uniformly

Table 3

Lattice constant (in a.u.) and elastic moduli of Po (GPa)

TB TB (SO) LAPW Expt

a0 6.16 6.21 6.31 6.31

B0 59 51 44 26

C11 138 121 92 –

C12 20 16 20 –

C44 2 2 5 –

Comparison is made between NRL-TB (with and without spin–orbit

coupling), FP-LAPW, and to experiment data. SO, designates the

calculations that include spin–orbit coupling.
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in the second calculation the relaxed formation energy is

found to be 0.635 eV. The results are in good agreement

with the experimental [35] formation energy of 0.54 eV.

shifted to set the Fermi level to zero. The solid lines show the calculations

from TB model with spin–orbit coupling included, and the dashed lines are

the result from TB without spin–orbit.
3.2. Polonium (Po)

The TB fit for Po was performed using the LAPW results

for FCC, BCC and SC structures. The resulting rms errors,

averaged over 33 of the fitted lattice constants, are found to

be about 29 and 2 mRy in the bands and total energies,

respectively.

The calculated TB bulk properties of Po are in agreement

with FP-LAPW results as shown in Table 3. The agreement

of the bulk modulus B0 and the equilibrium lattice parameter

a0 is expected, since the SC was included in the fit, but the

challenge of the NRL-TB method is in the calculations of

the shear moduli C11, C12, and C44, which are found to be in

good agreement with the LAPW results, considering the

softness of the material. The inclusion of the spin–orbit

changes the equilibrium lattice parameter by less than 1%

and hence changes the elastic constants. Fig. 7 depicts the

phase diagram of Po as a function of volume for a range of

structure. The TB model reproduces the LAPW results well

for the FCC, BCC, and SC structures to which it was fit. In

these calculations we obtained HCP and diamond structures

as an output of the TB method, with an energy higher than
Fig. 7. Total energy vs volume for a number of crystal structures as well as

the HCP and diamond structures for Po (not included in the fit). The

symbols represent the LAPW calculations, while the curves represent the

TB results.
the ground structure (SC), as expected. It is particularly

satisfying to find the position of HCP very near FCC.

Similarly to Pb, a uniform total energy upshift has occurred,

preserving the SC as the ground structure when spin–orbit

coupling is included.

Fig. 8 shows the Po band structures, with (solid lines) and

without the spin–orbit (dashed lines), respectively. We have

used the SC lattice constant a0Z6.31 a.u., which was not

part of the fitted database to demonstrate the transferability

of our SK parameters in predicting the Po band structure.

Just as in Pb, the effect of the spin–orbit coupling is evident

by the band splitting in the p-like bands at high symmetry

points, as expected. To our knowledge, no theoretical or

experimental works are available to compare with in the Po

case. However, on the basis of the good results obtained for

Pb on band splitting, the Po TB results should be considered

appropriate.

Fig. 9 shows good agreement of the total and decom-

posed DOS between NRL-TB when spin–orbit is (solid line)

and is not (dashed line) included. Calculations were
Fig. 9. Total and partial densities of states for SC Po at experimental lattice

constant 6.31 Bohr. The solid and dashed lines depict the TB with spin–

orbit and TB without results, respectively.
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performed at a0Z6.31 a.u., in cubic lattice equilibrium. An

examination of s and p DOS suggests that, as in Pb, no

hybridization is taking place between s and p states for this

material in its ground structure. This is evident from the

decomposed DOS, which depicts the first and second peaks

as 100% s-like and p-like states, respectively. Also, the

inclusion of the spin–orbit does not affect the s–p

hybridization, as suggested from the band structure

calculation in Fig. 8.
4. Conclusions

In summary, the work presented in this paper shows that

the NRL-TB scheme is successful in describing electronic

and mechanical properties of the heavy metals Pb and Po.

This was demonstrated by the agreement with the first-

principles calculations and experimental results. The effect

of spin–orbit coupling has also been investigated and found

to be significant in the band structures results, but does not

alter the structural properties. Moreover, the agreement of

the Debye-Waller factor, thermal expansion coefficient and

vacancy formation energy with experiment, in the case of

Pb, shows the reliability of the parameters in studying the

dynamical properties for finite temperatures.
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